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Now under the assumption of semi-incompressibility of the
fluid, one has

p— po = —pfl (6)

where 8 is the coefficient of thermal expansion, and p., and
# denote density and temperature difference of the fluid far
away from the plate, respectively; otherwise p is treated
to be constant. On considering this fact, Eq. (5) gives

v = const = 1 Q)
and thereby reduces Egs. (3) and (4) to
pvo(du/dy) = —Qp/0x) + (do,*/dy) — og 8

= —(0p/0y) + (do,¥/dy) C)
On using (7), Eq. (1) gives
a.* + rlo(dos?/dy) — 20,4 (du/dy)] = 0 (10)
o + 7lvo(do,/dy) — o(du/dy)] = u(du/dy) (11)
oyt + 7lo(deyr/dy)] = 0 (12)

Equation (12) shows that ¢,# = 0 is a particular solution of
this equation. Hence, putting o,# = 0 in Eq. (11), one gets

o + Toodo,=/dy) = u(du/dy) (13)

From Eq. (8), dp/0z is constant, since remaining terms in the
equation are independent of z, and d%p/dydz = 0, by virtue
of Eq. (9). Therefore,

Op/dx = const = —p.g (14)

Putting this value of dp/dz in Eq. (8) and using Eq. (6),
one has

vo{du/dy) = Bg + (1/p)(do,~/dy) (15)
Eliminating ¢,# between Egs. (18) and (15), one gets

[(u/p) — 7Tvo?l(d*u/dy?) — wo(du/dy) +
Bg6 + 7Bgvo(db/dy) = 0 (16)

The equation of energy in the mechanical units can be written
as

pevo(d/dy) = k(d*6/dy*) + u(du/dy)® (17)

where ¢ and k& denote the specific heat and thermal con-
ductivity of the fluid, respectively.

The rigorous solution of the key Egs. (16) and (17), in
general, can be obtained numerically. However, the analysis
then would be very complicated, and the physical aspect of
the problem would be masked. Therefore, neglecting the
viscous dissipation term in Eq. (17), which is justified for
slow motion as in the case with free-convection flows, one gets

pc vo(d8/dy) = k(d?6/dy?) (18)
Equations (16) and (18) now are solved under the boundary
conditions
0 at y=20 U
6o at Yy = 0 7]

u
0

U,aty
0 aty

[+2}

(19)

Before solving these equations, it is interesting to remark that
the solution of Egs. (16) and (18) subject to boundary condi-
tions (19) is physically possible only if », < 0 (suction) and
i/p > 7v2. That the solution also appears in case of fluid
injection (vo > 0) provided w/p < 7vy%, as pointed out by
Gupta in his case, does not hold in this case. This is so be-
cause the solution of Eq. (18) for v, > 0 gives positive ex-
ponentials.

Taking ve < 0, it is found that the solution of Eq. (18) sub-
ject to (19) is

6 = B, e~ (eem/E)y (20)
Eliminating 6 between (16) and (20) (taking v, < 0), one gets
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1 — a)(d*u/de?) + (du/dn) + A[l + cale™7 =0 (21)

where n = pvoy/p, @ = T0p/u, A = ugbff/eve? and ¢ =
uc/k is the Prandtl number.
The solution of Eq. (21) subject to (19) is found to be

U = Um[l — e_[ﬂ/(l*a)]] —

_Ad+oa) -]

[0 = oot — o] [e e 1 (22
Equation (22) reduces to the familiar asymptotic suction
profile of Meredith and Griffith* as « and A tend to zero in
the limit. It also is seen from the solution that increasing
A decreases u, whereas increasing o decreases the effect of
free convection. That this will be so is intuitively clear
but only partially, since various factors affect the flow pat-
tern, and hence mathematical corroboration has some in-
terest. Another point that seems to be of physical interest
is that the effect of elasticity of the fluid 7 will not be per-
ceptible unless v, (suction) is present. The reason is that
in steady motion the fluid elements do not undergo any
change in their state of stress. But as soon as suction comes
in, the fluid elements move from one layer of the fluid to the
other and thus experience a change in their stress state.
The preceding remark, however, will not hold true if in Eq.
(11) the third term on the left-hand side, which is an extra
term over the material derivative of o, also is taken into
account. Since in this analysis the author has taken o,# = 0,
this term becomes ineffective and the remaining terms corre-
spond to material derivatives only.

The shear stress Tw at the wall is given in the form

Tw 1 cA(l + o)
Uty 1 — U (1 — a)o? — o]

which clearly indicates that skin friction increases with the
increase of A, as was to be expected.

+ (23)

References

! Gupta, A. S., “Shear flow of a visco-elastic fluid past a flat
plate with suction,” J. Aerospace Sci. 25, 591-592 (1958).

2 Noll, W., “On the continuity of the solid and fluid states,”
J. Ratl. Mech. Anal. 4,3-81 (1955).

3 Truesdell, C. R., “The simplest rate theory of pure elastic-
ity,” Communs. Pure Appl. Math. 8, 123 (1955).

4 Meredith, F. W. and Griffith, A. A., Modern Developmenis in
Fluid Dynamics (Clarendon Press, Oxford 1938), Vol. 2, p. 5341.

Convergence Technique for the
Steepest-Descent Method of
Trajectory Optimization

RicuarRD RosEnBAUM*

Lockheed Missiles and Space Company, Palo Alto, Calif.

HE steepest-descent approach to trajectory optimization,

developed by Kelley! and Bryson et al.,% 3 has proved to
be quite successful in overcoming the two-point boundary
value problems associated with the calculus of variations.
The steepest-descent method is an iterative procedure, re-
quiring repeated forward and backward solutions of sets of
differential equations. It is thus of interest to consider
techniques for speeding convergence of the iterative process
to the optimum trajectory. In this note, a technique re-
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sembling a closed-loop guidance system is presented. This
method has provided rapid convergence for a variety of
missions.

The optimization problem can be deseribed as follows.
Given a system described by the set of differential equations

s Tny a(l),f] t=1,... n (1)

with initial conditions specified at ¢, find the control variable
history, a(t), which maximizes a pay-off function, ¢(zy, . . .,
%), subject to a constraint (21, . . ., 2.) = 0, where ¢ and
Y are both evaluated at a terminal time 7. More than one
control variable and terminal constraint could be specified,
but that would only complicate the algebra.

The steepest-descent procedure is started by guessing a
control history «(f) and by solving the set of Eqs. (1) to
determine a nominal trajectory. This trajectory, in general,
will not be optimum and will not satisfy the terminal con-
straint. The effects of small changes in the control and
trajectory variables on the terminal quantities ¢ and ¢ are
then determined. This is done by solving a set of differential
equations which are adjoint to the linear perturbation equa-
tions written about the nominal trajectory. Initial conditions
for the adjoint equations are specified at the terminal time 7.
Integration of the equations therefore proceeds backward in
time. Expressions of the form

3 (T) = ﬁ OTA¢§adt + (Z stxi)t:t (2

=1

E; = fi[xl, e

and

ST = f: Agdads + <§j stx,») @3)
i=1 ¢

=l

are obtained. da and dz; are the perturbations in the con-
trol and ftrajectory variables, and the N’s are the solutions
of the adjoint equations. A is given by the equation

- )Y
A=Y NG, 4)

One now seeks the function 8« (£), which will produce a §¢(T")
equal to the negative of the error in ¥ on the nominal tra-
jectory while simultaneously giving a specified improvement
8¢(T) in the pay-off quantity. Furthermore, the amount
of da required to accomplish this should be as small as pos-
sible, in an integral square sense. The function that satisfies
these requirements is

da() = Kohy + Kyhy 6

where the K’s are determined by substituting Eq. (5) into
Eqgs. (2) and (3) and have the values

K¢ — I‘PlﬁAd) — I¢|/,A¢
Toplyy — L4yt
_ LoDy — I4yAd

Ky = 2——""¥— 7
VT Taelyy — Loy @

(6)

where

Ad = $6(T) — (i xmaxi)
i=1 ¢

=t

and

Vi T
o = jt A Iy = j; C Ayt

Note that in the references cited, the K’s are constants which
are computed once only at time f,. With fixed initial condi-
tions, the summation terms are therefore zero. The time
history of da obtained from Eq. (5) is added to the nominal
@, and Eqgs. (1) are solved again to determine a new nominal
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trajectory. The new nominal is then used for the backward
solution of the adjoint equations. This process is repeated
until no further improvement in 8¢ can be obtained.

The speed of convergence to the optimum solution is
strongly dependent upon how close the original nominal
is to the optimum. This is true because the change from
trajectory to trajectory cannot be too large without violating
the assumptions of linear perturbation theory made in deriv-
ing the expressions for 6¢ and 6¢. If too large a perturbation
in e is allowed, the values of the terminal conditions obtained
after integrating Eqgs. (1) will differ radically from those pre-
dicted by Eqgs. (2) and (3).

The distinctive feature of the convergence scheme pre-
sented here is that each forward integration of the system
equations is regarded as a closed-loop guidance problem.
The K’s, which may be considered as variable guidance
parameters, are recomputed continuously, taking into account
the deviation from the nominal trajectory at all times.
The time #, becomes a running variable which is equal to the
current time, and the summation terms involved in Egs. (6)
and (7) are no longer zero. -The virtue of this closed-loop
approach is that larger deviations from the nominal trajectory
can be tolerated while still meeting the desired terminal condi-
tions. It is therefore possible to move more rapidly toward
the optimum trajectory. It should be noted that this method
of guiding to desired terminal conditions is identical to the
lambda-matrix control scheme described in Ref. 4.

In using this convergence method, no attempt is made to
improve the pay-off quantity on the first forward integration.
The control variable is selected to satisfy the terminal con-
straints with the pay-off quantity left free. This is done by
setting

da = KyAy ®)

and substituting in Eq. (3) to determine Ky. The reason
for concentrating on meeting terminal constraints is that
changes in these constraints will often have a greater influence
on the pay-off quantity than will changes in the control vari-
able. Thus, when one asks for a large change in the con-
straints in order to meet desired terminal values, it is very
difficult to pick a value for the pay-off quantity that can be
obtained with a sensible control program. The safest thing
to do is simply to leave the pay-off unconstrained. It is
interesting to observe that, in the case of vehicles for which
thrust is large compared to gravity and drag forces, any
reasonable control program that satisfies terminal constraints
will provide close to the optimum pay-off. The control
program itself, however, may be far from the exact optimum.

The size of the improvement in pay-off to be asked for
initially is specified in the computer input. After integrating
the system equations with the new control program, the termi-
nal values of the pay-off and the constraints are compared
with the desired values. If any improvement in pay-off is
obtained, relative to the last nominal, without seriously
violating the terminal constraints, this new trajectory be-
comes the nominal, and the same improvement is asked for
once again. If no pay-off improvement is obtained, or if
any improvement is accompanied by a serious violation of the
terminal constraints, the trajectory is not used. Instead,
the improvement asked for is cut in half, and a new trajectory
is computed. The process terminates when the desired im-
provement becomes less than a preset number.

The following simpleé example illustrates the behavior of
this convergence scheme as observed in a number of different
missions. A thrusting vehicle moves on a horizontal, fric-
tionless plane. The initial direction, velocity, and mass are
specified. Determine the thrust attitude history that will
maximize the terminal mass while slowing down to a given
velocity. The lateral deviation at the terminal velocity,
measured with respect to initial direction, is to be zero.
The pay-off quantity, therefore, is mass, and the constraint
is on lateral deviation. The answer to this problem, of
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Fig. 1 Thrust attitude on successive optimization trials

Table 1 Pay-off and lateral deviation on successive trials

Mass ratio Lateral
Trial Optimum mass ratio deviation
0 1.03125 165,000
1 1.00497 —806

2 1.00255 67

3 1.00050 90

4 1.00014 41

5 1.00001 —6

course, is that the vehicle should move on a straight line with
the thrust pointed in a direction opposite to the velocity vec-
tor. The first guess at the thrust attitude, however, is 20°
away from this direction. Figure 1 illustrates the thrust
attitude histories along successive trials. The discontinuity
in slope at a velocity of 2000 fps is due to the fact that the
guidance parameters are not recomputed beyond this point.
It is not possible to continue the closed-loop calculations
to the end of the trajectory, because excessively large control
changes would be called for to correct small errors in the
terminal quantity. In Table 1, the improvement in pay-off
and the error in the terminal constraint are shown. Itisseen
that most of the improvement is accomplished on the first
trial by just coming close to meeting the terminal constraint.
After three trials the terminal mass is quite close to the
optimum, although the thrust attitude is as much as 5° away
from the optimum. Further improvement in thrust atti-
tude produces very little change in terminal mass.
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Shearing Flow of a Viscoelastic Fluid
between Porous Coaxial Cylinders

P. N. Kavont*
Indian Institute of Technology, Kharagpur, India

HE problem of a Couette-type flow of a viscoelastic fluid
between parallel walls, of which the fixed one is porous,
recently has been investigated by the author.! In the present
note, the related problem of shearing flow of a viscoelastic
fluid between two coaxial cylinders, in which the outer one
is moving parallel to its axis and the inner fixed cylinder is
porous, is considered. This problem in the case of viscous
fluid has been discussed by Dunwoody.?
The stress-strain relations for an incompressible visco-
elastic fluid are given as

ot + 76;" = 2uei’ ®

where ¢ is the extra-stress tensor, 7 the elastic constant, u
the coefficient of viscosity, and e;# the rate of strain tensor.
The term &,¢ appearing in Eq. (1) denotes its rate of change,
which, following Truesdell,® one takes as

5’,‘"' = (ba,ﬂ'/bt) + O'j,killk + (r,-fv,kk - O'ikv,',k —_ G',kl),ki (2)

Measuring 2 coordinate along the common axis of the cyl-
inders and assuming axial symmetry, the equations of motion
and continuity governing the problem are

r r r_ .0
p[ub_u+ %]z_@+ba,+aaz+ar o4 3)

o " V% or T or T o r
ow ow] _ 9p  0d)  dgr )
”[“’a?eraz]' bz+br + bz+ r )
and
Qu/or) 4 (u/r) 4+ (Qw/02) = 0 (5)
respectively.

If one further assumes the velocities to be functions of r
only, Egs. (3-5) reduce to

du _ bp do,” g’ — 0‘99
ar or + dr + r )
dw op . dao) | o7
pu% —bz+dr+r ™
(1/r)(d/dr)(ru) = 0 &
Also, Eq. (1), giving the stress-strain relation, becomes
r do’ T d_u = @f
o’ + Tl:u i 20, dr] = 2u & <)
T do—zr T dw T i@f _ @
"’J”[“ ar T ar T dr]_”dr (10)
do’? dw
z . T | = 11
6"+T[ud’r 20 dr] 0 (D)
The boundary conditions of the problem are
u= U w=0atr =R (12)

w=Uatr =R,
From Egs. (8) and (12), one has ru = const = R;U,. This
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